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Abstract
The main purpose of this paper is to establish a result giving the number of intermediary rings between R and S when (R, S) is
a normal pair of rings and to provide an algorithm to compute this number.
c© 2007 Published by Elsevier B.V.
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0. Introduction
This paper is a sequel to [4], we adopt the conventions that each ring considered is commutative, with unit and
an inclusion (extension) of rings signifies that the smaller ring is a subring of the larger and possesses the same
multiplicative identity. Throughout this paper, Spec(R) denotes the set of prime ideals of an integral domain R, and
Max(R) denotes the set of its maximal ideals. The height of a prime ideal P of R denoted by ht P , is defined to be
the supremum of the lengths n of chains of prime ideals of R, P0 ⊂ P1 ⊂ · · · ⊂ Pn = P . The Krull dimension of R,
dim(R), is defined to be the supremum of such heights for P ∈ Max(R). If P ⊆ Q are two prime ideals of R, then
[P, Q] will denote the set of prime ideals Q′ of R such that P ⊆ Q′ ⊆ Q. For any set X , |X | denotes the cardinality
of this set. Let R ⊆ S be an extension of integral domains. The set of subrings of S that contain R is called the set of
intermediary rings in the ring extension R ⊆ S. We let [R, S] denote this set. If K is the quotient field of R, then an
intermediate ring in the extension R ⊆ K is called an overring of R. If each overring of R is integrally closed in K ,
then R is called a Pru¨fer domain (cf. [9]).
Recall that a pair of rings (R, S) is called a normal pair provided that R ⊆ S and each T ∈ [R, S] is integrally
closed in S. These pairs were first defined and studied by Davis [6]. For example, if R is a Pru¨fer domain with quotient
field K , then (R, K ) is a normal pair. Davis demonstrated that if R is a local ring, then (R, S) is a normal pair if and
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only if there exists a divided prime ideal P of R (i.e. PRP = P) such that S = RP and R/P is a valuation domain
[6, Theorem 1]. Other results and characterizations of such pairs are also established in [2, Theorem 2.10]. For
instance, if R is integrally closed in S, then (R, S) is a normal pair if and only if each T ∈ [R, S] is R-flat, or
equivalently, for each ring T ∈ [R, S], Spec(T ) = {PT | PT 6= T, P ∈ Spec(R)}.
Considerable attention has been paid over the few years to ring extensions with only finitely many intermediate
rings. Necessary and sufficient conditions for the finiteness of the number of intermediate rings in such ring extensions
have been settled in [1,10,11]. Several approximations for the number of intermediate rings in these ring extensions
are given in [2,3,5,11], however, the exact number has not been yet computed. In [2, Theorem 3.3], an upper bound
for the number of overrings is provided. In [12, Question 2.1], Jaballah asked for the exact number of overrings of
a Pru¨fer domain. The purpose of this paper is to answer this question but in a general context: given a normal pair
(R, S) such that |[R, S]| is finite, what is the exact value of |[R, S]|? So, throughout this paper, (R, S) is supposed to
be a normal pair and R is not a field.
We establish a result that gives the exact number of rings in between R and S (Theorems 2.1 and 2.3), and we also
give an algorithm that enables us to compute this number, Algorithm 2.5. We also show with an example of how to
compute it, Example 2.7.
Any unexplained terminology is standard, as in [9].
1. Some basic properties of normal pairs
In this section we collect and recall some results from [4]. Let (R, S) be a normal pair and Supp(S/R) the ordered
set
{P ∈ Spec(R) | PS = S}.
Denote by Max(R) = {Mi | i ∈ I } the set of maximal ideals of R. According to [6, Introduction], for every maximal
ideal Mi of R, the pair (RMi , SMi ) is normal. Therefore, there is a prime ideal of R, denoted Qi such that SMi = RQi
and Qi RMi is a divided prime ideal of RMi . In these conditions, (R/Qi )Mi /Qi is a valuation ring and the set [Qi ,Mi ]
is totally ordered. One can check easily the following:
• Supp(S/R) = {P ∈ Spec(R) \ {0} | ∀i ∈ I, P 6⊆ Qi }.
• Supp(S/R) = ∅ if and only if R = S.
• Supp(S/R) = Spec(R) \ {0} if and only if S = K .
We recall the following definition: a partially ordered set (X,≤) with a unique minimal element is called a tree if
no maximal element of X contains two incomparable elements.
Now we state the next result.
Proposition 1.1 ([4, Proposition 1.2]). Suppose that Supp(S/R) has minimal elements {ρ j , j ∈ J }. Then
(i) T j = {Q ∈ Supp(S/R) | ρ j ⊆ Q} is a tree.
(ii) {T j | j ∈ J } forms a partition of Supp(S/R).
Recall that for a nonzero ideal I of R the Kaplansky transform of R with respect to I is ΩR(I ) = {x ∈ K | ∀y ∈ I,
xyn ∈ R for some integer n ≥ 1}. ΩR(I ) is an overring of R, and it can be expressed as ΩR(I ) = ⋂{RP | P ∈
Spec(R), I 6⊆ P}. Further properties of such transform can be found in [8,13].
We set Γ1 = {{Q} | Q ∈ Supp(S/R)}, and for each k ∈ {2, . . . , n}, Γk the set of all subsets {Q1, Q2, . . . , Qk} of
Supp(S/R) constituted of k pairwise incomparable elements.
Theorem 1.2 ([4, Theorem 1.4]). Every T ∈ [R, S] \ {R} can be represented uniquely as T = ΩR(Q1Q2 . . . Qk),
where {Q1, Q2, . . . , Qk} ∈⋃ni=1 Γi .
We close this section by the following straightforward but useful result:
Lemma 1.3. If N is a multiplicative set of R, then Supp(SN/RN ) is isomorphic to the set {Q ∈ Supp(S/R) |
Q ∩ N = ∅} as partially ordered sets.
The proof is straightforward by considering the contraction map from Supp(SN/RN ) onto {Q ∈ Supp(S/R) |
Q ∩ N = ∅}.
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2. An algorithm for computing |[R, S]|
In this section, we will purpose a method for computing |[R, S]| as a function of the heights of prime ideals of
Supp(S/R). First we introduce the following terminology:
Let (X,≤) be a finite partially ordered set with n maximal elements. If X consists of s disjoint trees T1, T2, . . . , Ts ,
we set v(X) = 1 +∑nk=1 |Γk |, where Γ1 = {{x}, x ∈ X}, and for each k ∈ {2, . . . , n}, Γk is the set of all subsets{x1, x2, . . . , xk} of X constituted of k pairwise incomparable elements.
We begin by stating the following theorem:





Proof. It is sufficient to prove this theorem when Supp(S/R) has two trees T1 and T2. Suppose that T1 has the
minimal element ρ1 and r maximal elements M1, M2, . . . ,Mr , and that T2 has the minimal element ρ2 and t maximal
elements N1, N2, . . . , Nt . Set U = R \ ⋃ri=1 Mi and V = R \ ⋃ti=1 Ni . Then (RU , SU ) is a normal pair such
that Supp(SU/RU ) ∼= {Q ∈ Supp(S/R) | Q ∩ U = ∅} = T1 [Lemma 1.3]. By application of Theorem 1.2,
every intermediary ring T in [RU , SU ] can be written as T = ΩRU (AU ), where AU = (P1)U (P2)U . . . (Pk)U
for some {P1, P2, . . . , Pk} ∈ Γk . Moreover, as P1, P2, . . . , Pk are pairwise comaximal (if k ≥ 2), we have
AU = (P1)U ∩ (P2)U ∩ · · · ∩ (Pk)U = (P1 ∩ P2 ∩ · · · ∩ Pk)U = (P1P2 . . . Pk)U and AU ∩ R = P1P2 . . . Pk .
The same argument holds for the pair (RV , SV ).
Consider the mapping Φ : [RU , SU ] × [RV , SV ] → [R, S] which maps (RU , RV ) to R and any other
ordered pair (ΩRU (AU ),ΩRV (BV )) to the S-transform ΩR((AU ∩ R)(BV ∩ R)). Φ is injective: suppose that
Φ(ΩRU (AU ),ΩRV (BV )) = Φ(ΩRU (CU ),ΩRV (DV )), where
AU = (P1P2 . . . Pk)U , BV = (H1H2 . . . Hh)V ,
CU = (P ′1P ′2 . . . P ′l )U , and DV = (H ′1H ′2 . . . H ′m)V .
Then ΩR(P1P2 . . . PkH1H2 . . . Hh) = ΩR(P ′1P ′2 . . . P ′l H ′1H ′2 . . . H ′m).
From Theorem 1.2, we obtain
{P1, P2, . . . , Pk, H1, H2, . . . , Hh} = {P ′1, P ′2, . . . , P ′l , H ′1, H ′2, . . . , H ′m}.
Since Pi , P ′j ∈ T1 and Hi , H ′j ∈ T2, it results that
{P1, P2, . . . , Pk} = {P ′1, P ′2, . . . , P ′l },
and
{H1, H2, . . . , Hh} = {H ′1, H ′2, . . . , H ′m}.
Hence
ΩRU (AU ) = ΩRU ((P1P2 . . . Pk)U ) = ΩRU ((P ′1P ′2 . . . P ′l )U ) = ΩRU (CU ),
and ΩRV (BV ) = ΩRV ((H1H2 . . . Hh)V ) = ΩRV ((H ′1H ′2 . . . H ′m)V ) = ΩRV (DV ).
A similar proof can be used to show that ΩRU (AU ) = ΩRU (CU ) and ΩRV (BU ) = ΩRV (DV ) when AU = RU or
BV = RV .
Φ is onto: let T be an intermediary ring in [R, S]. If T = R, then we have Φ(RU , RV ) = R. Suppose now
that T 6= R. By Theorem 1.2, there exists {P1, P2, . . . , Pk} ∈ Γk such that T = ΩR(P1P2 . . . Pk). Consider
Y = {P1, P2, . . . , Pk}∩T1 and Z = {P1, P2, . . . , Pk}∩T2. Set A =∏P∈Y P and B =∏P∈Z P (with the convention:
A = R if Y = ∅ and B = R if Z = ∅), then we have Φ(ΩRU (AU ),ΩRV (BV )) = ΩR(AB) = T . Consequently, Φ is
bijective, and this proves the formula of this theorem as we wished. 
Lemma 2.2. Let T ∈ [R, S]. If T is local with maximal ideal Q and T shares Q with R, then |[R, S]| =
|[R, T ]| + |[T, S]| − 1.
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Proof. Let W ∈ [R, S], then W = ⋂{RP | P ∈ C} where C is the set of prime ideals H of R such that HW ⊂ W
[2, Lemma 2.9]. We assert that either W ∈ [R, T ] or W ∈ [T, S]. If W 6∈ [T, S], then there is a prime ideal
P ∈ C such that T 6⊆ RP . In the other way, in view of [2, Theorem 2.10 (vii)], we have T = TQ = RQ . Thus
Q = QT = QRQ , and Q is a divided prime ideal of R. It follows that Q is comparable to the prime ideal P of R.
But because T = RQ 6⊆ RP , we necessarily have Q ⊂ P . Hence, W ⊆ RP ⊂ RQ = T , and W ∈ [R, T ]. 
Theorem 2.3. Suppose that Supp(S/R) is a finite tree with minimal element ρ. If there exists an element q ∈
Supp(S/R) contained in all maximal elements M1, M2, . . . ,Mn of Supp(S/R), then |[R, S]| = v(X) + ht(q/ρ),
where X = {P ∈ Supp(S/R) | q ⊆ P}.
Proof. By localization of R at N = R \ ⋃ni=1 Mi , we may suppose that R is semi-local with maximal ideals
M1, M2, . . . ,Mn . Then we have Supp(S/R) ∼= Supp(SN/RN ) and X ∼= Spec(R/q) \ {0}. The prime ideals Q1,
Q2, . . . , Qn such that SMi = RQi for each i are contained in ρ. They are then comparable. If, for example, Q1 is the
largest one, then S = ⋂ni=1 RQi = RQ1 and RMi ⊆ Rq ⊆ Rρ ⊂ S = RQ1 for each i ∈ {1, 2, . . . , n}. It follows
that qRMi is a divided prime ideal of RMi [2, Theorem 2.5], that means qRMi = qRq for each i ∈ {1, 2, . . . , n}.






where L is the quotient field of R/q . It follows that |[R, Rq ]| = |[R/q, L]| = v(X ′). On the other hand, notice that
Q1 ⊂ ρ are consecutive: Indeed, if there is a prime ideal H of R such that Q1 ⊂ H ⊂ ρ, then we get Q1S ⊂ HS ⊂ S
since ρ is the minimal element of Supp(S/R), but this is impossible since Q1S is the maximal ideal of S. Therefore,
|[Rq , S]| = ht(q/Q1)+ 1 = ht(q/ρ)+ 2.
Finally, by application of Lemma 2.2, we obtain
|[R, S]| = |[R, Rq ]| + |[Rq , S]| − 1 = v(X ′)+ ht(q/ρ)+ 1 = v(X)+ ht(q/ρ). 
To simplify the discussion, we adopt the following terminologies about Supp(S/R):
• We say that an element Q covers P if P ⊂ Q are consecutive.
•• An element P is called a principal element, if it is minimal or maximal or covered by more than one element of
Supp(S/R).
Application 2.4. Suppose that Supp(S/R) is a finite tree T with minimal element ρ. Let q be the largest prime ideal
of T that is contained in all maximal elements of T (q may be equal to ρ) and {q ′1, q ′2, . . . , q ′m} be the set of all
elements of T that cover q .
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Set Y = {P ∈ T | q ⊆ P} and Y ′ = Y \ {q}. Note that {q ′1, q ′2, . . . , q ′m} is the set of all minimal elements of Y ′.
For each k ∈ {1, 2, . . . ,m}, T ′k = {P ∈ Y ′ | q ′k ⊆ P} is a tree with minimal element q ′k . Moreover, T ′1, T ′2, . . . , T ′m
form a partition of Y ′. If qk is the largest prime ideal of T ′k that is contained in all maximal elements of T ′k (qk may be
equal to q ′k) and Xk = T ′k \ [q ′k, qk[, then Theorems 2.1 and 2.3 give the following formula:
|[R, S]| = v(Y )+ ht(q/ρ) by Theorem 2.3























Notice that this formula is only expressed in function of the principal elements of T . We can repeat the same
argument for each X i .
Now, we can provide a useful method for counting the number of intermediary rings in [R, S] by using only the
heights of principal elements of Supp(S/R).
Algorithm 2.5. Suppose that Supp(S/R) is finite with minimal elements ρ1, ρ2, . . . , ρs . Let ∆ be the set of all
principal elements of Supp(S/R). Define the function σ : ∆→ N∗ by
• σ(M) = 1 for every maximal element M .
• σ(P) =∏P⊂Q[σ(Q)+ ht(Q/P)].
Then |[R, S]| =∏sk=1[σ(ρk)+ 1].
Proof. From Theorem 2.1, it suffices to prove this formula when Supp(S/R) = T is a tree with minimal element ρ
and maximal elements M1, M2, . . . ,Mn . By induction on the level l of T , we will prove that v(T ) = 1+ σ(ρ).
If l = 0, then T = {ρ} and v(T ) = 2 = 1+ σ(ρ). Suppose that our formula holds when T is a tree of level (l ≥ 1)
and let us prove it if T is of level l + 1. Two cases have to be considered:
Case 1: Suppose that the principal elements of T are exactly {ρ,M1,M2, . . . ,Mm}. From Application 2.4, we get
v(T ) = 1+∏mk=1[ht(Mk/ρ)+ 1]. As σ(Mi ) = 1 for every maximal element Mi , then v(T ) = 1+∏mk=1[σ(Mk)+
ht(Mk/ρ)] = 1+ σ(ρ).
Case 2: Suppose that the level h (1 ≤ h < l + 1) is the first one that contains principal elements q1, q2, . . . , qm . Set












[σ(qk)+ 1+ ht(qk/ρ)− 1]
)








= σ(ρ)+ 1. 
Corollary 2.6. Let R be a Pru¨fer domain with finite spectrum. If ρ1, ρ2, . . . , ρs are the minimal elements, then
|[R, K ]| =∏sk=1[σ(ρk)+ 1].
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Example 2.7. Let R be Pru¨fer domain with quotient field K and with the given spectrum:
By application of the above algorithm, we find immediately
Step 1: σ(Mi ) = 1 for i ∈ {1, 2, 3, 4, 5, 6}.
Step 2: σ(q2) = 4, σ(p2) = 8.
Step 3: σ(q1) = 10.
Step 4: σ(q) = (11)(10) = 110.
Thus σ(ρ) = 111 and |[R, K ]| = 1+ σ(ρ) = 112.
Theorem 2.8. Let R be a semi-local Pru¨fer domain with Krull dimension ≤ 2. If ρ1, ρ2, . . . , ρs are the nonzero
minimal prime ideals of R, then |[R, K ]| =∏si=1(1+2ni ), where ni is the number of maximal ideals of R containing
properly ρi .
Proof. The ordered set Supp(K/R) = Spec(R) \ {0} consists of trees T1, T2, . . . , Ts . Since dim(R) ≤ 2, these trees
may be of two types:
• If ρi is maximal, then Ti = {ρi }, so v(Ti ) = 2 = 1+ 20.
• If ρi is not maximal, then Ti has the following graph:
In this case, we find v(Ti ) = 1+∏nik=1[ht(Mk/ρi )+ 1] = 1+ 2ni .
Hence, |[R, K ]| =∏si=1 v(Ti ) =∏si=1(1+ 2ni ). 
Theorem 2.9. Let R be a Pru¨fer domain with two maximal ideals M and N. If htM = a, ht N = b, and
|Spec(R)| = c < ∞, then
|[R, K ]| = (c − a)(c − b)+ a + b − c + 1.
Proof. The spectrum of R has the following form (q may be ρ or (0)):
We have |[R, K ]| = (htM − ht q + 1)(ht N − ht q + 1)+ ht q − ht ρ+ 1 = (a+ 1− ht q)(b+ 1− ht q)+ ht q(∗).
On the other hand, it is easy to verify that c = |Spec(R)| = ht(M/q)+ht(N/q)+ht q+1, that is ht q = 1+a+b−c.
Therefore, by substituting ht q to (*), we find the asserted formula. 
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